Abstract. Many mechanical systems, involving interval uncertainties and modelled by finite element method, can be described by parameter dependent systems of linear interval equations and response quantities depending on the system solution. A newly developed hybrid interval approach for solving parametric interval linear systems is applied to a 2D engineering model with interval parameters and the results are compared to other interval methods. A new technique providing very sharp bounds for the response quantities, such as element strains and stresses, is developed. The sources for overestimation when dealing with interval computations are demonstrated on a numerical plain strain example.
Introduction
All engineering design problems involve imprecision, approximation, or uncertainty to varying degrees [1, 3] . In particular, mathematical models in environmental geomechanics cover a broad class of problems involving deformation of geomaterials. Since soil, rock and clay materials are natural ones, there is uncertainty in the material properties [6] . When the information about an uncertain parameter in form of a preference or probability function is not available or not sufficient then the interval analysis can be used most conveniently [3] . Many mechanical systems, modelled by finite element method (FEM), can be described by parameter dependent systems of linear equations. If some of the parameters are uncertain but bounded, the problem can be transformed into a parametric interval linear system which should be solved appropriately to bound the mechanical system response. This technique is usually called Interval Finite Element Method. The efforts for developing suitable interval FE methods started at mid nineties and attract considerable attention [1] . Contrary to structural mechanics, where significant effort is devoted to solving FE models involving interval uncertainties, this paper makes a first attempt to consider a 2D model with interval parameters related to soil physics and soil mechanics, applied to engineering. Since safety is an issue in environmental geomechanics, the goal is to describe the response of the system under a worst case scenario of uncertain parameters varying within prescribed bounds.
Like in FE analysis of most engineering systems [1, 3] , the problem considered here can be stated as follows: Given a system of linear equations, that describe the response of a discretized structural mechanical model, in the form
and a response vector
where K(p) is the global stiffness matrix of the system, F (p) is the global load vector (which might depend on uncertain parameters), U is the nodal displacement vector of the total discrete model, and p is the vector of uncertain input parameters which are described as intervals p 
where p e is the element parameter vector which is, generally, a subvector of the global parameter vector p, and U e is the subvector of element nodal displacements. The problem is to find the range [R − , R + ] of each response quantity due to the uncertainty present in the input parameters. A key issue is how to avoid the overestimation effect caused by the dependency problem in interval analysis.
The solution of parametric linear interval equations (1) and subsequent estimation of the response parameters (3), (4) is discussed in this work. We extend the hybrid approach for solving parametric interval linear systems [2] to the subsequent bounding of the response quantities -element strains and stresses.
Interval Methods

Solving Parametric Interval Linear Systems
Linear algebraic systems (1) usually involve complicated dependencies between the parameters involved in the stiffness matrix K(p) and the load vector F (p). In this paper we assume that these dependencies are affine-linear, that is
. . , n) are numerical vectors, with n being the dimension of (1). When the m parameters p ν , (ν = 1, . . . , m) take arbitrary values from given intervals [p ν ], the solution of (1) is a set
called parametric solution set (PSS). The PSS is a subset of, and has much smaller volume than the corresponding non-parametric solution set
The simplest example of dependencies is when the matrix is symmetric. Since the solution sets have a complicated structure which is difficult to find, we look for the interval hull Σ := [inf Σ, sup Σ], whenever Σ is a nonempty bounded subset of R n , or for an interval enclosure [U ] of Σ. There are many works devoted to interval treatment of uncertain mechanical systems [1] . A main reason for some conservative results that have been obtained is that the interval linear systems (1), involving more dependencies than in a symmetric matrix, are solved by methods for nonparametric interval systems (or for symmetric matrices). Although designed quite long ago, the only available iterative method [5] for guaranteed enclosure of the PSS seems to be not known to the application scientists, or at least not applied. The parametric Rump's method is a fixed-point method applying residual iteration and accounting for all the dependencies between parameters. As it will be shown in Sec. 3, this parametric method produces very sharp bounds for narrow intervals but tends to overestimate the PSS hull with increasing the interval tolerances and the number of parameters. To overcome this deficiency, we designed a new hybrid approach for sharp PSS enclosures, that combines parametric residual iteration and exact bounds based on monotonicity properties [2] .
Finding very sharp bounds (or exact in exact arithmetic) for the PSS is based on the monotonicity properties of the analytic solution
. For large real-life problems, the computer aided proof of the monotonicity of U (p) with respect to each parameter is based on taking partial derivatives on (1) [4] . This leads to a parametric interval linear system
where
Then the exact bounds of the PSS,
can be obtained by solving at most 2n point linear systems. This approach is extended in the next subsection for sharp bounding of the response quantities.
Bounding the Response Quantities
A naive interval approach in finding the range of the response quantities R(U ), such as element strains (3) and element stresses (4), under the uncertainties in input parameters is to replace the exact hull (or its enclosure) [U ], found by some method, into the expressions (3), (4) 
is a subvector of the solution of (5), [ε e (p)] is the solution of (3), and ∂εe ∂p ν is taken from (7). Let for fixed i ∈ {1, . . . , n 1 }, j ∈ {1, . . . , n 2 }, where n 1 , n 2 are the dimensions of ε e , σ e respectively.
+ differ between themselves and for every fixed i, j. Define the numerical vectors p ε i , p −ε i , for every 1 i n 1 , and p σ j , p −σ j , for every 1 j n 2 , analogously to (6) . Then the exact bounds of ε e are obtained as
Note, that a rigorous very sharp enclosure can be obtained if instead of U e (p εi ), U e (p −ε i ) we take the corresponding components of the rigorous interval enclo-
of the solution to the corresponding point systems (1).
However, the above computation of the σ e range is rigorous only in exact arithmetic. A rigorous and very sharp range enclosure of σ e in floating-point arithmetic should use rigorous interval enclosures [U (p
of the solution to the corresponding point linear systems (1) and computations with validated interval arithmetic.
Numerical Example
We consider an elastic material model based on the following assumptions: small strain theory is applied to describe the deformation in material; the latter is deformed elastic; material properties are isotropic; the temperature, creep and time dependent effects are not taken into account; the Elastic moduli in the material properties are considered to be uncertain and varying within prescribed bounds. For example, the prediction of soil behavior due to environmental changes, experimental procedure and measurement errors of such properties is a typical situation. Let V be a representative volume and S be the boundary of this volume. S = Sū S σ , where Sū is a boundary part with prescribed displacement, and S σ is a boundary part with prescribed stresses. The governing equations are as follows:
Constitutive Law :
where u i , i = 1, 2, 3, are the displacements, ε ij is a strain tensor, b i is the body force, σ ij is the stress tensor, D ijkl is the elastic tensor,ū i andT i are the prescribed displacements and traction respectively, n = {n 1 , n 2 , n 3 } is the outward normal direction and n i are the corresponding directional cosines. The equilibrium equation (9), relating the stress σ to the body force b and the boundary traction specified at the boundary S σ of V , is formulated in terms of the unknown displacement vector u. Using the principle of virtual work, the general equilibrium statement can be written in a variational form [7] as:
for a virtual displacement vector δu. The resulting system of equations is created using mathematical formulations for FEM based on variational technique. A typical FE in the 2D plane strain case is defined by nodes i, j, k. Let the displacement at any point within the element u, be approximated by linear shape functions and nodal unknown displacement u e . With displacements, known at all points within an element, the strains ε and stresses σ at any point of the FE can be determined by nodal unknowns. These relationships can be written in matrix notations [8] as:
where N is a matrix of shape functions, L is a matrix of a suitable differential operators, D(p e ) is the elastic matrix involving Elastic modulus and Poisson's ratio, p e denotes a parameter (or parameter vector), related to the material properties, to be considered as uncertain in the subsequent analysis. Substituting Eqs. (11) and (12) into eq. (10) and taking into account that eq. (10) is valid for any virtual displacement, for an element e, we obtain a system of parametric linear equations
where K e (p e ) = V B D(p e )B dV is the element stiffness matrix which is function of the uncertain material properties, F e = V N b dV + S N T dS is the element load vector. The load vector could also depend of some uncertain parameters. The final parametric global stiffness matrix and global load vector based on FEM matrices (13) is obtained by using an element-by-element technique [8] .
We consider a 2D plain strain example presented on Fig. 1 . The model is discretized with four triangular FEs and the kinematic boundary conditions are presented on the figure. The corresponding material and geometrical data are also given therein. It is assumed that in each FE the Young's modulus, E i , is an independent uncertain parameter varying within an interval. Table 1 . The computationally efficient iterative procedure gives sharp enclosures for small number of parameters and thin intervals for the uncertainties. However, the overestimation grows with increasing the number of parameters or the width of the intervals. For the model with 4 uncertain parameters, a straightforward interval evaluation of (3) and (4) was done basing on interval estimations for the element displacements. Two interval estimations for the element displacements were used: interval enclosure, obtained by the parametric iteration method, and the exact interval hull. The results for the element strains are presented in Table 2 . The results for the first component of the strains are not given since the component is zero. A huge overestimation of the strains range is demonstrated, which is due to the parameter dependencies between the components of U e . The dependency, accumulated in the interval enclosure [U e ] cannot be taken into account by the interval computation B · [U e ]. It is remarkable, that the difference in the interval estimations of U (by Rump's method and the exact hull) is obscured by the inherited dependencies between the displacement components.
The naive range estimation of the element stressess showed similar results. Note that the expression (4) involves additional dependencies due to the parameters in the matrix D(p e ). Accounting for the dependencies in D(p e ) reduces the overestimation by 30-50%.
Since the considered model is small, the exact interval hulls and the exact ranges were computed by symbolic-algebraic methods in the environment of Mathematica. Our hybrid approach produced very sharp bounds for both the solution set of the displacements system and the ranges of the response parameters. The difference to the corresponding exact values was within 10 −16 -10 −18 .
Conclusions
The interval analysis methods, presented in this paper, can be applied to all engineering problems whose behavior is governed by parametric interval linear systems and response quantities of type (1), (2) . The hybrid interval approach, proposed in Sec. 2, is based on numerical proof of monotonicity properties and on a fast iteration method for enclosing PSS. By using validated interval computations, this approach has the additional property that, owing to an automatic error control mechanism, every computed result is guaranteed to be correct. The Mathematica package [2] should be extended by suitable functions automating the computations of the response quantities. Further research toward improving the computational efficiency of the method would allow large industrial applications.
